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Abstract 

Options that allow the holder to extend the maturity by paying an additional fixed amount found 
many applications in finance. Closed-form solution for these options first appeared in Longstaff 
(1990) for the case when underlying asset follows a geometric Brownian motion with the constant 
interest rate and volatility. Unfortunately there are several typographical errors in the published 
formula for the holder-extendible put. These are subsequently repeated in textbooks, other papers 
and software. This short paper presents a correct formula. Also, to generalize, the option price is 
derived for the case of a geometric Brownian motion with the time-dependent drift and volatility. 
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1 Model and definition 



Options that allow the holder to extend the maturity by paying an additional fixed amount found many 
applications in finance. The European option with extendible maturity (written on the underlying asset 
X t ) can be exercised by the holder on a decision time T± using strike K\. The holder may also exercise 
the option later at some maturity T2 > T\ using strike K 2 by paying an extra premium A at time T\. 
Denote the value of this option at time t < T\ as Q(X t , t; Ki,K 2 , Ti, T2) and we want to find the fair 
value of this option at zero time t — 0. At time Ti, the payoffs for the holder-extendible call and put 
are 



Qc(X Tl , Ti; K lt K 2 ,T lt T 2 ) = max (X Tl - K u C(X Tl , T i; K 2 , T 2 ) - A, 0) (1) 

and 

Q P (X Tl ,T 1 ;K 1 ,K 2 ,T 1 ,T 2 ) = max (K - X Tl , P(X Tl , T l5 K 2 , T 2 ) - A, 0) (2) 

respectively. Here, C(X t ,t; K, T) and P(X t , t; K, T) are the standard European call and put at time t 
respectively for spot value X t , strike K and maturity at time T; that is, their payoffs at maturity are 
max(Xr — K, 0) and max^ — Xt, 0) correspondingly. 

Closed-form solution for these options first appeared in Longstaff (1990) for the case when un- 
derlying asset follows a geometric Brownian motion with the constant interest rate and volatility. 
Unfortunately there are several typographical errors in the published formula Longstaff (1990, equa- 
tion 12, p. 943) for the holder-extendible put. These are subsequently repeated in textbooks, other 
papers and software. For example, formula for the extendible put in Haug (1998, equation 2.15, p. 48) 
still has a typographical error. This short paper presents a correct formula; for more details and ap- 
plications on the extendible options, see the above-mentioned publications. Also, we generalize the 
model considered in Longstaff (1990) and Haug (1998) to the case when the underlying asset follows a 
geometric Brownian motion with the time-dependent drift and volatility. Specifically, assume that the 
underlying asset X t follows the risk-neutral stochastic process 

dX t = X t (r(t) - q(t)) dt + X t a(t)dW t , (3) 

where Wt is a standard Wiener process, a(t) is the instantaneous volatility, r(t) is the risk-free domestic 
interest rate and q(t) is some known continuous function of time. For example, this model is used for 
pricing a holder-extendible option on a foreign exchange rate, where q(t) corresponds to the foreign 
interest rate curve. For this process the joint distribution of In X^ and In X^ 2 , given A , is a bivariate 
normal distribution with 

E[lnX Ti |lnX ] = lnA + (r(r) - q(r) - ^ 2 (r)) dr, i = 1,2; 

(4) 

Cov[lnA Ti ,lnA Tj .| lnX ] = J Q min ( T *' T ^ CT 2 (r)dr, ij = 1,2. 

According to the standard option pricing methodology, a fair price of the option at t — is a 
conditional expectation: 

Q(X o ,0;-) - e- riTl E[Q(X Tl ,T i; .)|AU (5) 
that can be calculated using (0| in closed form as demonstrated in the next section. Hereafter, denote 



Mi = % Jo* ( r ( r ) _ c i( T )) dl 



FT Jo Tl r ( r ) dT 



T-/ Tl(j2 ( T ) dr ' * 



1,2; 



(6) 
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To compare the calculus with Longstaff (1990), one has to set 

(j 1 = o- 2 = a, Mi = A*2 = n = r 2 = r. 



(7) 



2 Solution for extendible call 

The decision at T\ to extend or exercise the call option is determined by two critical asset values I\ 
and I 2 , both are solutions of nonlinear equations 

C(I 1 ,T 1 ;K 2 ,T 2 ) = A and C{I 2 ,T X ; K 2 ,T 2 ) = I 2 - K x + A, (8) 

respectiveljQ. The call option is extended only if 1\ < Xx 1 < I 2 - Moreover, if I± > K\ then the call 
is never extended (see Longstaff 1990) and thus Qc{Xq,0; •) = C(Xq, 0; Kx, Ti) which is a standard 
European call. Otherwise, i.e. if I\ < Kx, the today's price of the extendible call can be calculated by 
integrating (O as follows 

POO 

Qc(X ,0;-) = e- riTl / m&x(C(x u T i; K 2 ,T 2 ) - A, Xl - K 1 ,0)n(x)dx 



1 —00 

r b 

-r 2 T 2 



a 



dx (x 2 - K 2 )n(x,y, p)dy 



-e 



lTl Aj n(x)dx + e- riTl I n(x){x 1 -K 1 )dx, (9) 



where 

Xl = Xo e^-^+^^ x , x 2 = Xoe^-^+^^y. (10) 

Here, n{x) is the standard normal density; n(x,y,p) is the standard bivariate normal density with 
correlation p; and other constants are: 

_ Hh/X )~ ^Tx + lalTx ^ _ ln(/ 2 /X ) - ^Tj + \o\T x 

a ~ n=p- ' " ~~ irfr 1 V-*-) 

criV J-i o\\J 1\ 

Mgg/go) - p 2 T 2 + \o\T 2 d = Hld/Xp) - p\T\ + \o\T x 

&2VT2 0\sjT\ 

Using identities 

Hoo I-00 n ( x i f' PY ax dxdy = exp ( ^ N(a - a, b - ap, p); 

ia°° ir V> P) eaxdxd V = ex P (jt) N ( a ~ a,ap~ 6, p); (13) 
J a °° n(x)e ax dx — exp ^^1^ iV(a — a); J"^ n(x)e ax dx = exp f 3^ iV(a — a), 

where -/V(-), iV(-, •, p) are the standard normal and standard bivariate normal distributions, and calcu- 
lating integrals in ^ obtain 

Qc(X ,0;-) = C(X , 0;K U Ti) + X e^~ r ^ (N(j 2 , l3 ,p)-N^ 1 , 73, p)) 

-e~ r ^ K 2 (N(j 2 - G X y/rl, 73 - ^2 >/5b, p) -N( 7l - Gt y/T\, 73 - CT2 v^, P)) 

-e-^^A (iV( 72 - <rxy/TL) - 2V( 7 i - (T iy /j\)) 

-X e^- r ^(N( l4 )-N( 7l )) 
+e^ lTl ^ (tV( 74 - <ti v/5\) - N(n - ax y/T\)) • (14) 



critical values I\ and I2 can easily be calculated numerically using e.g. the Newton-Raphson algorithm. 
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Here 

7i = o-i - b , 72 = <ti\/Ti- a, 73 = (J 2 \[T~ 2 ~ c > 74 = cti v 7 ^ ~ 
are the same notation as in Longstaff (1990). Also 

C7(Xo,0;Jf x ,Ti) = e- riTl E[max(X Tl -^,0)1X0] 

= AV^-^iV^) - e~ riTl ifiA( 74 - o-i v^T). 
Rewriting (|14p via the probabilities of the standard normal densitie^l 

N(a, 6, c, d, p) = N(b, d, p) - N(a, d, p) - iV(6, c, p) + AT(a, c, p); 
N(a,b) = N(b)- N(c) 

obtain 



(15) 



(16) 



Qc{XoA-) = C(A ,0;A 1 ,r 1 )+A e ( ^" r2)T2 iV(7 1 , 72 ,-oo, 7 3, /9 ) 

-e _r2T2 A 2 A r (7i - ux^/Ty^ 2 - triy/T\, -00,73 - <r 2 \/T^,p) 
-er r ^ AAT( 7l - oi VT\ , 72 - <ri v^\) 
-X e^- ri ) Tl ^(71,74) 
+e- r ^K 1 N{ ll - a lv /T\,74 - oi\[T x ). 

which is the original Longstaff (1990, equation 7) formula for the extendible call after setting (0. 



(17) 



3 Solution for extendible put 

In the case of the holder-extendible put, two critical asset values I\ and I 2 , that determine the decision 
at T\ are solutions of nonlinear equations 



P{h, Ti; K 2 ,T 2 ) = K x -h+ A and P(I 2 ,T i; K 2 ,T 2 ) = A 



(18) 



respectively. The put option is extended only if 1\ < Xt x < li- Moreover, if I 2 < K\ then the put is 
never extended (see Longstaff 1990 and Haug 1998) and thus Qp(X , 0; •) = P(X , 0; Ki,Ti) which is 
a standard European put. Otherwise, the extendible put price can be calculated by integrating ([3]) as 
follows. 

Using constants (a,6,c,d) as defined in (|11I12[) but with I\ and I 2 from (|18l) and variables [x\,X2) 
defined by (|10[) . the extendible put price can be written as 



Qp(X o ,0;-) 



-nTi 



-r 2 T 2 



/oo 
max (P(xi, T\\ K 2 , T 2 ) — A, K\ — xi, 0) n(x)dx 
-00 

(K 2 - x 2 )n(x,y,p)dy 



—00 

6 

dx 



a 



-riTi 



n(x)dx + e 



-nTi 



n(x)(Ki — x\)dx. 



(19) 



Calculating the integrals using identities (|13|) and symmetry N(a) = 1 — N(— a) find 

Qp(X , 0; •) = P(X , 0; K U T X ) - X e^- r ^ (7V(- 7l , -73, p) - jV(- 72) -73, p)) 

+e~ r2T2 K 2 \ N(ai\/T\ -71, a 2 \/T2- 73, />) - -/V(oi - 72, cr 2 ~ 73, p)J 

l A (a( 72 - ax y/Ti) - AT( 7 i - 01 v^t)) 



-X e ( ^- ri)Tl (iV( 72 )-iV( 74 )) 

-e~ TlTl K\ (a( 72 - a-i v^\) - A( 74 - triv^ - )) , 



(20) 



2 N(a, b, c, d, p) is the probability of the standard bivariate normal density with correlation p for the region [a, b] X [c, d], 
and N(a, b) is the probability of the standard normal density in the interval [a, 6]. 
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where (71,72,73,74) are defined as before by (fT5|) and 



e- riTl E[max( J ft: 1 - X Tl ,Q)\X ] 
e - riTl XiiV(cri 74) - X e ( ^~ ri)Tl iV(-74). 



Finally, using normal probabilities (|16[) . the formula for the extendible put can be written as 
Qp(X ,0;>) = P(X ,0;^ 1 ,T 1 )-X e^-'-=)' r =Ar(-7 2 ,-7 1 ,-o O ,-7 3 ,p) 

_|_ e -r 2 T 2 ^ 2iv ^ cri _ ^ cr 2 - 7l; -qo, ct 2 ~ 73, P) 



-e" riTl AiV(7 1 -(T iv /Ti,72 
+X oe ( ^- ri)Tl 7V(74, 7 2) 



aiv^) 



-nTi 



KiN^ji - ai y/Ti, 72 - ctiVTl)- 



(21) 



After setting ([7]), the last formula (the 2 nd and 3 rd terms) for the extendible put is different from 
Longstaff (1990, equation 12, p. 943), where there are several typographical errors: 73 , 73 — c%/X2 and 
p should be changed to —73 , —73 + o\/T 2 and — p respectively; also the factor exp(— r(T 2 — Ti)) should 
be replaced with exp(— rT 2 ). Also, note that the formula for the holder-extendible put in Haug (1998, 
equation 2.15, p. 48) also has a typographical error: p should be changed to —p. When comparing the 
formulas the following symmetry property is useful N(a, b, c, d, p) = N{—b, —a, c, d, —p). 

Finally, note that the standard European call and put C(x, Ti; K 2 , T2) and P{x, Ti; K 2 , T 2 ) in 
equations (|8ll8p for critical values I\ and I 2 are calculated at time T%. That is, 



C(x,T 1 ;K 2 ,T 2 ) = xe {til2 - ri2){T2 - Tl) N{d 1 ) - K 2 e- ri2[T2 - Tl) N(d 2 ); 

P{x,T 1 ;K 2 ,T 2 ) = K 2 e- ri2(T2 - Tl) N{-d 2 ) - xe^ 12 - ri2)(T2 ~ Tl) N{-di)] 

ai = /rr jp ; "2 = di - (T12VT2 - Ti; 

<7i 2 y i 2 — J 1 

_ r 2 T 2 - riTi _ p 2 T 2 - p^J\ 2 _ a\T 2 - pfTj 

r 12 — ™ m i M12 — 7F, TPs ) fJ 12 — m ^ • 

J2 ^ J 1 ±2 — ±\ +2 — J-l 
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